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ABSTRACT
Viscosity is discussed in multicomponent partially and fully ionized plasma, and its effects
on two very different waves (Alfve´n and Langmuir) in solar atmosphere. A full set of viscos-
ity coefficients is presented which includes coefficients for electrons, protons and hydrogen
atoms. These are applied to layers with mostly magnetized protons in solar chromosphere
where the Alfve´n wave could in principle be expected. The viscosity coefficients are cal-
culated and presented graphically for the altitudes between 700 and 2200 km, and required
corresponding cross sections for various types of collisions are given in terms of altitude. It
is shown that in chromosphere the viscosity plays no role for the Alfve´n wave, which is only
strongly affected by ion friction with neutrals. In corona, assuming the magnetic field of a few
Gauss, the Alfve´n wave is more affected by ion viscosity than by ion-electron friction only
for wavelengths shorter that 1-30 km, dependent on parameters and assuming the perturbed
magnetic field of one percent of its equilibrium value. For the Langmuir wave the viscosity-
friction interplay in chromosphere is shown to be dependent on altitude and on wavelengths.
In corona the viscosity is the main dissipative mechanism acting on the Langmuir mode.
Key words: Plasmas; Waves; Sun: photosphere - chromosphere - corona - fundamental pa-
rameters
1 INTRODUCTION
In fully ionized plasmas, or in plasmas with predominant Coulomb
collisions, the ion viscosity coefficients are relatively simple in the
limits Ωi  νi or Ωi  νi. Here, Ωi, νi are the ion gyro-frequency
and collision frequency, and the limits given here generally de-
scribe different ion magnetization regimes. The former implies a
magnetized plasma where both kinematic and gyro-viscosity may
play a role, and the latter implies a plasma where the magnetic field
plays no practical role. The celebrated work of Braginskii (1958),
and his text in the book Braginskii (1965) have been basic refer-
ences in this field for many decades. The first deals with a fully
ionized plasma, and the second also includes chapters where neu-
trals are taken into account. However, as it may be seen from the
literature ever since, it is sometimes overlooked that in Braginskii
(1965) the viscosity in chapters dealing with neutrals is explicitly
omitted. In the literature, his expressions for viscosity derived in his
texts for purely electron-ion plasma have been inappropriately used
also in studies which include neutrals. This may not be justified in
weakly ionized plasmas where the amount of neutrals exceeds the
amount of ions for several orders of magnitude, like in the solar
photosphere and lower chromosphere.
The general method used in Braginskii’s works for calculation
? E-mail: jvranjes@yahoo.com
of viscosity components and other transport coefficients is based on
the Chapman-Enskog method, which implies an expansion of the
distribution function with an underlying necessity that terms in the
expansion converge sufficiently rapidly, if at all. Braginskii himself
writes about some uncertainty in satisfying this crucial condition.
Some later works [e.g. Epperlein (1984)] indicate some inaccura-
cies in Braginskii’s thermoelectric and heat flow coefficients caused
by the truncation errors incorporated in the method, and these inac-
curacies depend on the magnetization regime.
These issues should be kept in mind when using transport co-
efficients from various available sources. The most urgent for the
solar plasma seems to be need for reliable and clear expressions
for viscosity coefficients in partly ionized plasma in which ions
are magnetized, like in the upper solar chromosphere. Such expres-
sions are greatly needed for both analytical and numerical studies
in view of an increased interest of researchers in phenomena in
weakly ionized solar atmosphere. Rather general and complicated
expressions may be found in the literature, like those in the book
of Zhdanov (2002), and in Schunk (1975) and Schunk & Nagy
(2009). For un-magnetized photosphere and lower chromosphere
all relevant transport coefficients have been presented recently in
Vranjes & Krstic (2013), calculated from the starting BGK colli-
sional model integral. On the other hand, for plasma in magnetic
field which affects particle motion, the most complete and detailed
theory is presented in Zhdanov (2002). The theory is based on the
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Grad’s method (i.e., Hermitian moment method) which dates back
to 1949 (Grad 1949). Both Braginskii and Zhdanov results agree re-
markably well, although different methods are used. However, the
theory presented in Zhdanov (2002) is definitely more systematic
and extensive, and it includes general multicomponent and multi-
temperature plasmas with an arbitrary number of charged species
together with neutrals, as well as polyatomic gas mixtures, which
are missing in the Braginskii’s theory.
This Zhdanov’s theory will be used in the present work in
application to Alfve´n wave propagation in solar atmosphere. In
our recent paper Vranjes & Kono (2014) the effects of collisions
on the Alfve´n wave in photosphere and lower chromosphere were
studied using the most accurate collision cross sections for proton-
hydrogen collisions, which include several essential features intrin-
sic to such a weakly ionized environment, obtained in Vranjes &
Krstic (2013). These include the charge exchange, the quantum-
mechanical effect of indistinguishability for colliding protons and
hydrogen atoms at energies below 1 eV, and the effects of polariza-
tion of neutral atoms in the process of collisions with charged pro-
tons. The results from Vranjes & Kono (2014) show non-existence
of Alfve´n waves in the lower solar atmosphere in a layer that is at
least about 600 km wide (assuming very strong magnetic structures
with magnetic field ofB0 = 0.1 T constant with altitude), and pos-
sibly even two times wider in a more realistic case of the same start-
ing field which is decreasing with altitude. In such a layer protons
are not magnetized and this is the reason why Alfve´n waves (AW)
cannot be excited. All relevant transport coefficients for viscosity
and thermal conductivity have been derived in Vranjes & Krstic
(2013). Though, viscosity effects have been omitted in Vranjes &
Kono (2014) in order to have our full multi-component model as
close as possible to the classic MHD works, in order to explore sim-
ilarities and differences between the two models. The analysis was
restricted to the lower layers where the AW is shown to be either
non-existent or heavily damped by friction, so additional damping
due to viscosity was not essential in any case.
However, physical parameters change with altitude and the ra-
tio Ωi/νi changes as well, being much less than unity in the photo-
sphere (Vranjes & Krstic 2013), and above unity in the upper chro-
mosphere. This means that above certain altitudes the AW may be
expected to propagate although as a strongly damped mode, and
viscosity effects may play a role and should be included in such a
way as to be able to follow this altitude dependent variation of pa-
rameters. Kinematic viscosity (associated mainly with neutrals) is
predominant in lower layers (photosphere), this kinematic viscosity
(of both ions and neutrals) is then accompanied with gyro-viscosity
in chromosphere and in neighboring upper layers.
The aim of this work is twofold, i) to provide a reliable and
self-consistent set of expressions for viscosity in any plasma (par-
tially or totally ionized), and ii) to apply these results to the plasma
in solar atmosphere in order to check the role of viscosity on the
propagation of some waves, and for this purpose we have focused
on two very different ones, Alfve´n and Langmuir waves. Both kine-
matic dissipative viscosity and gyro-viscosity coefficients are pre-
sented in Sec. 2 for partially ionized plasma, and for fully ionized
plasma in Sec. 3. In Sec. 4 the effects of dissipations are presented
in detail for the case of AW in chromosphere, and in particular the
relative importance of viscosity (in comparison to friction) is dis-
cussed for both waves in the chromosphere and corona.
2 PARTIALLY IONIZED PLASMA
2.1 Viscosity coefficients for ions and neutrals
Using the notation from Zhdanov (2002), the ion viscous stress ten-
sor is of the shape:
Πirs = −ηi0Wrs0 − ηi1Wrs1 − ηi2Wrs2 + ηi3Wrs3
+ηi4Wrs4, r ∈ x, y, z, s ∈ x, y, z, (1)
where Wrsj , j ∈ (0, · · · 4) are various contractions (Braginskii
1965) of the traceless rate-of-strain tensor Wrs (here and further
in the text with suppressed index for the species) which is given
through a general coordinate ~ζ with components r or s as:
Wrs =
∂vj
∂ζk
+
∂vk
∂ζj
− 2
3
δjk∇ · ~v, ζj , ζk ∈ x, y, z. (2)
The components of Wrs are:
Wxx =
4
3
∂vx
∂x
− 2
3
(
∂vy
∂y
+
∂vz
∂z
)
,
Wyy =
4
3
∂vy
∂y
− 2
3
(
∂vx
∂x
+
∂vz
∂z
)
,
Wzz =
4
3
∂vz
∂z
− 2
3
(
∂vx
∂x
+
∂vy
∂y
)
,
Wxy =
∂vx
∂y
+
∂vy
∂x
= Wyx, Wxz =
∂vx
∂z
+
∂vz
∂x
= Wzx,
Wyz =
∂vy
∂z
+
∂vz
∂y
= Wzy.
Without loss of generality the magnetic field may be assumed ori-
ented in the x-direction, and this yields the following components
of the ion stress tensor Πirs:
Πixx = −ηi0Wxx,
Πiyy = −ηi0
2
(Wyy +Wzz)− ηi1
2
(Wyy −Wzz)− ηi3Wyz,
Πizz = −ηi0
2
(Wyy +Wzz)− ηi1
2
(Wzz −Wyy) + ηi3Wyz,
Πiyz = Πizy = −ηi1Wyz + ηi3
2
(Wyy −Wzz) ,
Πixy = Πiyx = −ηi2Wxy − ηi4Wxz,
Πixz = Πizx = −ηi2Wxz + ηi4Wxy. (3)
Further we shall use mi = ma = m, Ti = Ta = T . In this case
the viscosity coefficients for ions are (Zhdanov 2002):
ηi0 =
piτiξi∆
−1
η
2
, ηi1 =
ηi0
1 + b2i∆
−2
η
, ηi3 = ηi1bi∆
−1
η ,
ηi2 = ηi1
[
bi
2
]
=
ηi0
1 +
b2i∆
−2
η
4
,
ηi4 = ηi3
[
bi
2
]
=
bi
2
ηi0∆
−1
η
1 +
b2i∆
−2
η
4
. (4)
For neutrals a the shape of Πars is the same, and coefficients are:
ηa0 =
paτaξa∆
−1
η
2
, ηa1 = ηa0
1 + b2i ξ
−1
a ∆
−1
η
1 + b2i∆
−2
η
,
ηa2 = ηa1
[
bi
2
]
= ηa0
1 + b
2
i
4 ξ
−1
a ∆
−1
η
1 + b
2
i
4 ∆
−2
η
,
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ηa3 = ηa0bi∆
−1
η
1− ξ−1a ∆η
1 + b2i∆
−2
η
,
ηa4 = ηa3
[
bi
2
]
= ηa0
bi
2
∆−1η
1− ξ−1a ∆η
1 + b
2
i
4 ∆
−2
η
. (5)
All coefficients ηαj presented in Eqs. (4, 5) are valid within the
limit me/m  T/Te, which is easily satisfied in many plasmas.
Various parameters that appear here are (Zhdanov 2002):
pj = njκTj , bi = Ωiτi, Ωi =
eziB0
m
, ξi = 1 + fiaτaτ
−1
ia ,
ξa = 1 + fiaτiτ
−1
ai , τ
−1
i = 0.3τ
−1
ii + f
′
iaτ
−1
ia + δτ
−1
ie ,
τ−1a = 0.3A
∗
aaτ
−1
aa + f
′
iaτ
−1
ai + δτ
−1
ae , δ =
me
mj
, j 6= e,
f ′ia =
1
4
(1 + 0.6A∗ia) , fia =
1
4
(1− 0.6A∗ia) ,
∆η = 1− aiaaai, aia = −fiaτi
τai
, aai = −fiaτa
τia
. (6)
For collisions between hard spheres, and for Coulomb collisions
A∗αβ = 1, so this value will be used, but instead the usual hard
sphere radius of the hydrogen atom and protons, we shall use the
most accurate viscosity collision cross sections given in Vranjes &
Krstic (2013).
The complete sets of coefficients (4) and (5) clearly include
both the usual kinematic viscosity associated with friction and the
collisionless gyro-viscosity. They are very general, valid for any
ratio Ωi/νi, and can easily be reduced to various limiting cases re-
garding this ratio. It is seen that the two sets are mutually coupled
and as a result of this coupling the dynamics of neutrals is in prin-
ciple affected by the ion gyro-effects as well.
Regarding the remaining parameters in the expressions (6),
we continue with the ion-ion collisional time as given by Zhdanov
(2002):
τii =
6ε20m
1/2
i (piκTi)
3/2
e4z4i niLii
. (7)
Note that in Braginskii (1965), this ion collision time is taken
greater by a factor 2. According to Zhdanov (2002) this is because
in Braginskii’ book the relaxation time is taken differently so that
Braginskii’s time is τb = 2τii. But in Schunk (1975) the expression
for τii in fact coincides with τb. On the other hand, in Shkarofsky
et al. (1966) and in Helander & Sigmar (2002) on the right-hand
side in Eq. (7) one can find an additional numerical factor 21/2,
whose origin is rather unclear. We shall use the given value (7) for
τii; further in the text a perfect agreement will be shown between
the results of Zhdanov and Braginskii bearing in mind this only
difference by factor 2 in collisional time.
For Coulomb collisions between electrons and ions we shall
use (Zhdanov 2002; Helander & Sigmar 2002):
τei =
6(2me)
1/2ε20(piκTe)
3/2
e4z2niLei
, (8)
and for ion-electron time the momentum conservation then yields:
τie =
mini
mene
τei.
Note that Eq. (8) is the same as electron collision time τe given in
Braginskii (1965) where its meaning seems to be the same, i.e., it
implies e-i collisions. It is useful to remember that τei =
√
2 τee
[c.f., Mitchner & Kruger (1973) and Zhdanov (2002)]. Both ex-
pressions τei and τee may also be obtained from a more general
one given in Zhdanov (2002):
τ−1αβ =
nβ16pi
1/2
3
(
γαβ
2
)3/2( qαqβ
4piε0µαβ
)2
Lαβ .
The Coulomb logarithm and other quantities used here read (Zh-
danov 2002):
Lαβ = ln Λαβ = ln
[
12piε0
|qαqβ |
µαβrd
γαβ
]
, µαβ =
mαmβ
mα +mβ
,
γαβ =
γαγβ
γα + γβ
, γj =
mj
κTj
,
1
r2d
=
∑
j
njq
2
j
ε0κTj
.
In case of many ion species j, instead of Eq. (8) the electron colli-
sion time with all ions becomes (Zhdanov 2002):
τei =
6(2me)
1/2ε20(piκTe)
3/2
e4
∑
j
z2jnjLej
. (9)
In this case the argument of the Coulomb logarithm in Eq. (9) can
be approximated (for Te = Tj = T ) by:
Λej ≡ Λ1 = 12piκTε
3/2
0
zefe2
[
κT
ne(1 + zef )e2
]1/2
,
zef =
∑
j
njz
2
j∑
j
njzj
=
∑
j
njz
2
j
ne
.
On the other hand, in the case Te  Tj = T , the Coulomb loga-
rithm is:
Λej ≡ Λ2 = 12piκTeε
3/2
0
zefe2
[
κT
nezefe2
]1/2
.
In electron-proton solar plasma with Te = Ti we shall thus use:
Λep =
21/26pi(ε0κT )
3/2
e3n1/2
. (10)
Further, in equations (6), for τia = 1/νia we use p-H collision fre-
quency νpH = σpHnHvTp from Vranjes & Krstic (2013), where
for σpH we have to use the viscosity line 4 from Fig. 1 in the same
reference.
For atom-atom (that is H-H) collisions we shall use the in-
tegral viscosity cross section for quantum-mechanically indistin-
guishable nuclei given by line 2 in Fig. 3 from Vranjes & Krstic
(2013), νHH = σHHnHvTH . As shown in Vranjes & Krstic
(2013), the dynamic viscosity coefficient obtained in this exact way
is for about factor 2 smaller than the value obtained from the clas-
sic hard sphere modeling, and it is in very good agreement with
experimental values. From now on we shall use the index a in-
stead of H , Ta = Ti = T , vTH = vTa = vTp = vT , and
νHH = νaa = 1/τaa, νpH = νia = 1/τia, etc. Momentum con-
servation further yields τai = τiamana/(mini).
For e-a collisions we have τae = τeamnnn/(mene). For τea
we use Fig. 4 from Vranjes & Krstic (2013) which provides e-H
cross section for elastic scattering, and Table 1 from Vranjes &
Kono (2014) with values for momentum transfer. We stress that
there is some uncertainty in the literature regarding measurement
of electron cross section at low energies. On the other hand, com-
parison reveals no practical differences between the two mentioned
cross sections, and we shall use the same value for the viscosity
cross section as well.
c© 2002 RAS, MNRAS 000, 1–??
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Figure 1. Proton viscosity coefficients in chromosphere calculated from
Eqs. (4) and for altitude-dependent viscosity cross sections presented in
Table A1 (columns 5 and 7).
With all this we have completely determined numerous pa-
rameters in Eq. (6) for partially ionized plasmas, and what remains
are only particular plasma parameters (densities, temperature) for
various altitudes, which we shall use from Fontenla et al. (1993).
For the magnetic field we shall use some models with altitude de-
pendent magnitude (Leake & Arber 2006; Vranjes & Kono 2014).
All cross sections for ion collisions with neutrals are depen-
dent on relative energy of colliding particles. In the lower solar at-
mosphere the temperature changes with altitude and so does the en-
ergy of particles taking part in collisions. For this reason the cross
sections are altitude dependent and it is useful to have them given at
one place and ready for a direct use in this work or elsewhere. The
temperature in Fontenla et al. (1993) is given in K, in lab frame,
and cross sections in Vranjes & Krstic (2013) are in eV in both
lab frame and center of mass (CM) frame of colliding particles.
So for the purpose of this work and in general it is convenient to
present the cross sections with altitude, and in Table A1 in Ap-
pendix A we give the altitude h and the corresponding tempera-
ture from Fontenla et al. (1993) in lab frame [which corresponds
to top axis in Figs. 1, 2, 3 in Vranjes & Krstic (2013)], and the
corresponding cross sections. Note that the temperature (energy)
in CM frame is TCM = Tlabm2/(m1 + m2), where m1,2 are
masses of particles, so for proton-hydrogen collisions this implies
that TCM = Tlab/2. The remaining columns in Table A1 give cross
sections for elastic scattering, momentum transfer and viscosity, for
both p−a and a−a collisions. The only cross section which shows
a (rather slight) monotonous decrease with altitude (i.e.., tempera-
ture) is the viscosity cross section for atoms σaa,v . All others only
show just the usual variations typical for low energies. These data
suggest that in the given altitude range h ∈ 0, 2200 km, it may
sometimes be good enough to take the following approximate val-
ues for the cross sections for p − a scattering, momentum transfer
and viscosity respectively, σpa,sc ≈ 2·10−18 m2, σpa,mt ≈ 10−18
m2, σpa,v ≈ 0.35·10−18 m2. For hydrogen the approximate values
are σaa,sc = σaa,mt ≈ 10−18 m2, and σaa,v ≈ 0.26 · 10−18 m2.
Having the data for viscosity cross sections in Table A1, and
using data from Fontenla et al. (1993), the ion viscosity coefficients
are calculated from Eqs. (4) and presented in Fig. 1. Here we take
a decreasing magnetic field model very similar to Leake & Arber
(2006), in the shape
B0(h) = B00 exp(−h/440), (11)
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Figure 2. Atomic hydrogen viscosity coefficients in chromosphere calcu-
lated from Eqs. (5) and for altitude-dependent viscosity cross sections pre-
sented in Table A1 (columns 5 and 7).
where h is in km, and B00 = 0.1 T is the value at h = 0. So it
changes from 0.016 T to 0.0007 T in the given altitude range in the
figure. Observe that ηi0 has values very similar to the curve ηpp in
Fig. 8 from Vranjes & Krstic (2013); for example at h = 705 km
and h = 1065 km presently we have ηi0 = 0.45 and ηi0 = 6.46,
while ηpp from Vranjes & Krstic (2013) has values 0.31, and 7.83,
respectively, in the same units. These values are remarkably close
to each others, particularly in view of the fact that ηpp in the pre-
vious work is obtained using the BGK collisional model integral
for unmagnetized plasma. This confirms that such a model inte-
gral is indeed able to yield results which coincide with expressions
obtained from more advanced theory and from exact calculations
presented in Zhdanov (2002). From Fig. 1 it is seen that the co-
efficient ηi1 remains the smallest, while ηi4 becomes close to ηi0
above 2000 km where their ratio is around 1/4. Generally, all coef-
ficients are drastically reduced in photosphere, which is simply due
to strong collisions. This should be expected because ηi0 ∼ 1/νi,
i.e., viscosity is suppressed by collisions, but this holds only up
to some point because all derivations of viscosity theory are based
on the presence of collisions. These issues are nicely discussed by
Cowling (1950) and Schunk (1975).
Viscosity coefficients for hydrogen atoms are presented in
Fig. 2, calculated from Eqs. (5) and by using viscosity cross section
given in Table A1. In the lower layers the coefficient ηa0 goes up to
0.7 in the given units, which is very similar to ηHH given in Vran-
jes & Krstic (2013) in Fig. 11, where it is very slowly changing in
the interval' 0.4− 0.8. But at higher altitudes ηa0 decreases con-
trary to Vranjes & Krstic (2013). One reason for the difference is
clearly the following; in Vranjes & Krstic (2013) in the expression
for ηHH ∼ 1/
∑
b
νHb, the summation is approximated by atom-
atom collisions only, which is valid in photosphere but may become
inappropriate in chromosphere in view of the altitude-dependent
number densities where atom-ion collisions after some h become
important or dominant, and this results in a reduced friction coef-
ficient with altitude. So this explains why in the present work ηa0
correctly decreases with h while in Vranjes & Krstic (2013) it is
slightly increased (due to reduced number of neutrals and less a-a
collisions). Another possible reason for small differences is most
likely that in the present work we adopted A∗αβ = 1, which is
valid for hard sphere model, while in Vranjes & Krstic (2013) a
more advanced model for hydrogen cross section is used, so A∗αβ
c© 2002 RAS, MNRAS 000, 1–??
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should be modified. But calculating such tedious corrections for
A∗αβ would be redundant in view of so insignificant differences. All
coefficients here are also decreased at higher altitudes clearly be-
cause of smaller amount of neutrals which enter into pa in Eqs. (5).
The viscosity coefficients presented in Figs. 1, 2 are for the
given magnetic field. Different field values do not affect the lead-
ing order coefficients ηi0, ηa0,1,2, the others are affected. For ex-
ample, taking h = 1065 km and magnetic field 10 times stronger
(B0 = 0.09 T) yields ηi1,2 reduced by about two orders of mag-
nitude and ηi3,4, ηa3,4 by one order of magnitude. On the other
hand, reducing the magnetic field for one order of magnitude yields
bi = 8.65 and all the values for ion coefficients become very close
to the presently given ηi0, and this may be expected from Eqs. (4).
So in strong magnetic structures the parallel and perpendicular vis-
cosity effects may become drastically different. But actual role and
effect of various components can be understood only bearing in
mind the following: a) the viscosity coefficients are accompanied
with second derivatives [see for example Eqs. (28-30) related to
the Alfve´n waves later in the text] that may have very different val-
ues parallel and perpendicular to the magnetic field, and b) they are
also accompanied with various (parallel and perpendicular) speed
components that may be very different for different waves.
To get some idea about parameters introduced in Sec. 2.1 we
may take altitude h = 1065 km, and for the corresponding plasma
parameters (Fontenla et al. 1993) we have
τi = 10
−5s, τa = 8 · 10−5s, ξi = 1.45, ξa = 1,
fia = 0.1, f
′
ia = 0.4, aia = −0.0003, aai = −0.45,
bi = 8.65, ∆η = 0.99987, Lep = 9.45,
τii = 3.9 · 10−6s, τei = 1.3 · 10−7s.
The value for bi suggests that Alfve´n waves can be expected at this
altitude, but as damped waves, and this will be checked in Sec. 4,
see Figs. 3,4.
2.2 Viscosity coefficients for electrons in partially ionized
plasmas
The electron viscosity is usually negligible in a three-component
mixture with Ti = Ta = T , but this is both mass and tempera-
ture dependent. Since the mass ratio δ is usually known, it turns out
that electron viscosity must be taken into account if Te/T ' 4.5
or greater (Zhdanov 2002), because it becomes of the same order
as the ion viscosity. The electron viscosity coefficients in a multi-
component partially ionized plasmas in magnetic field depend on
the ion magnetization as well. The general expressions are lengthy
and they will not be given here as we are dealing with the so-
lar plasma where the temperature ratio is close or equal to unity
so that electron viscosity is negligible at least in application to
the Alfve`n wave. But rather simple expressions may be given in
the limit bi ≡ Ωiτi  1 (that is for unmagnetized ions), when
electron viscosity decouples from viscosity of ions. Such a wide
layer of unmagnetized ions and magnetized electrons in the pho-
tosphere and lower chromosphere is clearly identified by Vranjes
& Krstic (2013). So for such an environment, with the accuracy
δ1/2(T/Te)
5/2 the electron viscosity coefficients read (Zhdanov
2002):
ηe0 =
1
2
neκTeτe, ηe1 =
ηe0
1 + b2e
, ηe2 = ηe1
[
be
2
]
≡ ηe0
1 + b
2
e
4
,
ηe3 = beηe1, ηe4 = ηe3
[
be
2
]
≡ be
2
ηe0
1 + b
2
e
4
, be = Ωeτe,
τ−1e = 0.3τ
−1
ee + 0.6
∑
β 6=e
A∗eβτ
−1
eβ .
Summation in the last expression is over all species excluding elec-
trons and A∗eβ ' 1 for Coulomb collisions, with accuracy 1/Leβ ,
and A∗eβ = 1 for electron-atom collisions within the hard sphere
atom model. Here we use Eq. (8) and τee = τei/
√
2, and τea is
described above in Sec. 2.1.
In the other limit bi > 1 numerous corrections appear in the
coefficients ηej (Zhdanov 2002); for fully ionized plasma the ex-
pressions are less complicated and they are given in Sec. 3.2.2.
3 FULLY IONIZED ELECTRON-PROTON PLASMA
Viscosity coefficients for fully ionized plasma are given here for
completeness and to show differences between Braginskii’s results
and more general results of Zhdanov. The latter are completely
overlooked by solar plasma researchers. We use them later in the
text to estimate the role of viscosity in the corona.
3.1 Ion viscosity coefficients
3.1.1 Results of Braginskii
For arbitrary ratio Ωi/νi the viscosity coefficients for ions are (Bra-
ginskii 1965):
ηi0 = 0.96niκTiτi, ηi2 = niκTiτi
1.2b2i + 2.33
b4i + 4.03b
2
i + 2.33
, (12)
ηi4 = niκTiτibi
b2i + 2.38
b4i + 4.03b
2
i + 2.33
, bi = Ωiτi, (13)
ηi1 = ηi2[2bi] = niκTiτi
1.2(2bi)
2 + 2.33
(2bi)4 + 4.03(2bi)2 + 2.33
,
ηi3 = ηi4[2bi] = niκTiτi(2bi)
(2bi)
2 + 2.38
(2bi)4 + 4.03(2bi)2 + 2.33
,
Here, in view of comments given in Sec. 2.1 and using Eq. (7) we
have
τi ≡ τb = 12ε
2
0m
1/2
i (piκTi)
3/2
e4z4i niLii
= 2τii. (14)
3.1.2 Results of Zhdanov
Following Zhdanov (2002), the ion viscosity coefficients in case of
electron and single ion plasma read:
ηi0 = 1.92niκTiτii, ηi2 = niκTiτii
0.6b2i + 0.28
b4i + b
2
i + 0.146
, (15)
ηi4 = niκTiτiibi
b2i + 0.6
b4i + b
2
i + 0.146
, bi = Ωiτii, (16)
ηi1 = ηi2[2bi], ηi3 = ηi4[2bi].
Here, τii is given by Eq. (7). Bearing in mind the factor 2 differ-
ence in the collision time τi = 2τii, where τi is the Braginskii’s
time (14) and τii Zhdanov’s time (7), it is easy to see that the dif-
ferences between the two sets of coefficients are negligible. Indeed,
introducing subscript zh for Zhdanov’s parameters and subscript br
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for those of Braginskii, and expressing τii through τi in Zhdanov’s
results, we have ηi0,zh = ηi0,br . Further noticing that for the same
reasons (i.e., the difference in definition of the ion collision time)
bi,zh = bi,br/2, we can write Zhdanov’s coefficient ηi2,zh in terms
of Braginskii’s parameters as
ηi2,zh = niκTiτi
1.2b2i,br + 2.24
b4i,br + 4b
2
i,br + 2.336
. (17)
Similarly for ηi4,zh we have:
ηi4,zh = niκTiτibi,br
b2i,br + 2.4
b4i,br + 4b
2
i,br + 2.336
. (18)
Thus the comparison of these two sets of expressions shows a
remarkable similarity and insignificant differences (if the colli-
sion time is re-defined correspondingly) although they are obtained
following completely different procedures (though both based on
some initial expansions); the Braginskii’s Eqs. (12, 13) follow from
the Chapman-Enskog scheme, while Zhdanov’s Eqs. (15, 16) [or
Eqs. (17, 18)] are based on the Grad’s method.
3.2 Electron viscosity coefficients
Electron viscosity plays no role in application to AW in the solar
plasma. But it may be of importance for some other modes even in
solar plasma with Te = Ti, like fast electron dynamics on the back-
ground of nearly static ions in so called electron-MHD theory, or
for electron waves in general within multicomponent theory. In the
usual MHD theory the total viscosity is a sum of partial viscosities
and electron contribution is thus negligible.
3.2.1 Braginskii’s results
For electron-proton plasma in magnetic field the viscosity coeffi-
cients read (Braginskii 1965):
ηe0 = 0.733neκTeτe, ηe2 =neκTeτe
2.05b2e + 8.5
b4e+13.8b2e+11.6
, (19)
ηe4 = −neκTeτebe b
2
e + 7.91
b4e + 13.8b2e + 11.6
, ηe1 = ηe2[2be], (20)
ηe3 = ηe4[2be], be = Ωeτe.
Here, in Braginskii’s notation τe coincides (after rewriting his ex-
pression in SI units) with the earlier given τei in Eq. (8), and
Braginskii uses Le (instead of Lei) given as Le = 23.4 −
1.15 log[ne] + 3.45 log[Te] for Te < 50 eV, and Le = 25.3 −
1.15 log[ne] + 2.3 log[Te] for Te > 50 eV.
3.2.2 Zhdanov’s results
For general plasma with ions having the charge number zi the vis-
cosity coefficients are:
ηe0 = neκTeτei
s1
s0
, ηe2 = neκTeτei
s1s0 + s2b
2
e
s20 + s4b
2
e + b4e
,
ηe4 = −neκTeτeibe s3 + b
2
e
s20 + s4b
2
e + b4e
, ηe1 = ηe2[2be],
ηe3 = ηe4[2be], be = Ωeτei, s0 = 0.82 +
1.82
zi
+
0.72
z2i
,
s1 = 1.46 +
1.04
zi
, s2 = 1.2 +
0.85
zi
,
s3 = 3.05 +
3.7
zi
+
1.17
z2i
, s4 = 5.32 +
6.36
zi
+
2.02
z2i
.
For electron-proton plasma with zi = 1 this yields
ηe0 =0.744neκTeτei, ηe2 =neκTeτei
2.05b2e + 8.4
b4e+13.7b2e+11.29
, (21)
ηe4 =−neκTeτeibe b
2
e + 7.92
b4e + 13.7b2e + 11.29
. (22)
Since be here and in Braginskii’s expressions in Sec. 3.2.1 are the
same, we see again that Eqs. (19, 20) from one side, and Eqs. (21,
22) from the other, demonstrate an extraordinary agreement in re-
sults between the two completely different methods.
4 APPLICATION TO WAVES
We shall use the following set of linearized momentum equations
for electrons, ions, and neutral atoms, which can be applied for
various plasma waves:
men0
∂~ve
∂t
= −∇pe −∇·Πe − en0
(
~E + ~ve × ~B0
)
−men0νen(~ve − ~vn)−men0νei(~ve − ~vi), (23)
min0
∂~vi
∂t
= −∇pi −∇·Πi + en0
(
~E + ~vi × ~B0
)
+men0νei(~ve − ~vi)−min0νin(~vi − ~vn), (24)
mnnn
∂~vn
∂t
= −∇pn −∇·Πn +men0νen(~ve − ~vn)
+min0νin(~vi − ~vn). (25)
Not all terms given here are of equal importance for every wave
and this will be demonstrated below in application to Alfve´n waves
(AW) and electron plasma (EP) waves.
4.1 Alfve´n waves
4.1.1 Chromosphere
In case of perturbations propagating along the magnetic field ~k =
k~ex (dependence on the x-coordinate only), the components Wαrs
become:
Wαxx =
4
3
∂vαx
∂x
, Wαxy = Wαyx =
∂vαy
∂x
,
Wαxz = Wαzx =
∂vαz
∂x
, Wαyy = Wαzz = −2
3
∂vαx
∂x
,
Wαyz = Wαzy = 0. (26)
The viscosity tensor for ions and neutrals becomes:
Πα=

−4ηα03
∂vαx
∂x
Πxy Πxz
Πyx
2ηα0
3
∂vαx
∂x
0
Πzx 0
2ηα0
3
∂vαx
∂x
 , (27)
Πxy = Πyx = −ηα2 ∂vαy
∂x
− ηα4 ∂vαz
∂x
,
Πxz = Πzx = −ηα2 ∂vαz
∂x
+ ηα4
∂vαy
∂x
α = i, a.
The contribution of the stress tensor in the parallel x and perpen-
dicular y, z components in momentum equation are:
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(∇ ·Πα)x = −
4ηα0
3
∂2vαx
∂x2
, (28)
(∇ ·Πα)y = −ηα2
∂2vαy
∂x2
− ηα4 ∂
2vαz
∂x2
, (29)
(∇ ·Πα)z = −ηα2
∂2vαz
∂x2
+ ηα4
∂2vαy
∂x2
. (30)
Without magnetic field the tensor components Πars reduce to
Πajj , j ∈ x, y, z, with the only remaining coefficient ηa0 given
earlier in Eq. (5). However, magnetic field affects the viscosity ten-
sor of neutrals, which now contains 7 non-zero components just
like the ion tensor.
Combined Faraday law∇× ~E1 = −∂ ~B1/∂t and Ampe`re law
∇× ~B = µ0~j without displacement current yield the general wave
equation:
∇×
(
∇× ~E1
)
+ µ0
∂~j1
∂t
= 0. (31)
Within the linear theory ~j1 = en0(~vi1 − ~ve1), and for the
background magnetic field ~B0 = B0~ex and transverse electro-
magnetic perturbations propagating along the background field
∼ exp(−iωt+ ikx), the wave equation becomes
k2 ~E1 − iµ0ωen0(~vi1 − ~ve1) = 0. (32)
The electric field may be assumed with the component in y-
direction, and in this case the dispersion equation for the Alfve´n
wave reads (Vranjes & Kono 2014)
ω2 =
k2c2a
1 + k2λ2i
, λi =
c
ωpi
. (33)
The term in denominator is small but it can be shown that it comes
from the ion speed in the y-direction (the polarization drift), and if
the polarization drift was omitted in the first place there would be
no AW at all. So the term has a clear physical meaning and should
be kept in derivations. Observe also that kλi = kca/Ωi ' ω/Ωi,
so small kλi implies the well-known AW frequency limit ω/Ωi 
1. As an example, in chromosphere at h = 1065 km, λi = 0.7 m;
at h = 1980 km it is 1.1 m, so discussing AW in this environment
implies scales much exceeding these lengths.
In the assumed geometry ~B1 = B1~ez , from the Faraday law
we have ~E1 = E1~ey , and this yields
k2Ex − iµ0ωen0(viy − vey) = 0. (34)
Here viz = vez which is just the leading order ~E1× ~B0-drift equal
for both species. From Eqs. (23, 24) it is clear that within the linear
theory the parallel dynamics is decoupled, so all we need are y, z
speed components from the tree momentum equations. We shall
thus keep viscosity effects for ions and neutrals through Eqs. (29,
30), and the pressure terms of all species are omitted for the simple
shear Alfve´n wave dynamics.
Eqs. (23-25, 34) yield the following set of seven equations for
vey, vez, viy, viz, vny, vnz, E1:
a11 a12 a13 0 a15 0 e
a21 a22 0 a24 0 a26 0
a31 0 a33 a34 a35 0 e
0 a42 a43 a44 0 a46 0
a51 0 a53 0 a55 a56 0
0 a62 0 a64 a65 a66 0
a71 0 a73 0 0 0 −k2


vey
vez
viy
viz
vay
vaz
E1
=0, (35)
a11 = me(−iω + νei + νen), a12 = eB0, a13 = −meνei,
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Figure 3. Alfve´n wave frequency with altitude for wavelength λ = 30 m.
a15 = −meνen, a21 = eB0, a22 = me(iω − νei − νen),
a24 = meνei, a26 = meνen, a31 = meνei,
a33 = imiω −meνei −miνin − ηi2k
2
n0
, a34 = eB0 − ηi4k
2
n0
,
a35 = miνin, a42 = meνei, a43 = −a34, a44 = a33,
a46 = miνin, a51 = men0νen, a53 = min0νin,
a55 = iωmnnn −men0νen −min0νin − ηa2k2,
a56 = −ηa4k2, a62 = men0νen, a64 = min0νin,
a65 = ηa4k
2, a66 = a55, a71 = −iµ0ωen0 = −a73.
Dispersion equation is obtained by setting the [7× 7] matrix on the
left-hand side in (35) equal to zero,
∆7×7(ω, k) = 0. (36)
This dispersion equation is solved numerically and as one example
Fig. 3 shows the calculated wave frequency ωr and the correspond-
ing damping rate −γ for a chosen wavelength λ = 30 m. The full
line in the figure depicts the value kca, given here just for com-
parison with an idealized situation without collisions. The increase
at low altitudes is due to the increased magnetic field as described
by equation (11). But in the given realistic situation, it is seen that
below 1000 km the wave is heavily damped and its frequency ωr
vanishes completely before reaching the altitude of 900 km and re-
duces to zero. Observe that at h = 905 km, the ion inertial length
λi = 0.7 m, and kλi = 0.14 so clearly going to shorter wave-
lengths violates the assumptions incorporated into the theory. At
h = 1580 km the wave is very weakly damped, |γ|/ωr = 0.08,
and above this layer the ratio is even lower. Thus, in these layers the
dispersion line is close to the ideal case and the wave is expected to
exist and to propagate.
Both cases with and without viscosity are checked and dif-
ferences in the presented graph are invisible, the viscosity plays
no role at all. This may be understood also by directly compar-
ing the leading remaining viscosity term ηi4k2vi1 = Rvivi1 and
the ion-neutral friction term min0νin(vi1 − vn1). In case of static
neutrals (e.g., for relatively short wavelengths when they merely
represent an obstacle, or at an initial stage of the perturbation when
charged particles are set into motion first), the latter may be written
as ' Rfivi1. At h = 905 km the ratio is Rvi/Rfi ' 4 · 10−6; at
h = 1860 km it is Rvi/Rfi ' 0.01, so for the ion dynamics the
c© 2002 RAS, MNRAS 000, 1–??
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Figure 4. Alfve´n wave frequency with altitude for wavelength λ = 30 m
and magnetic field 5 times stronger as compared to Fig. 3.
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Figure 5. Alfve´n wave frequency with altitude for wavelength λ = 300 m
and magnetic field same as in Fig. 3.
viscosity is negligible in all the altitude range. This is expected to
remain so even for larger wavelengths in view of the k2-dependence
of the viscosity. This issue is discussed in detail in Vranjes & Krstic
(2013).
The mode is sensitive to the value of B00 which is used as
given by Eq. (11). Taking the field five times stronger moves the
layer of evanescence down to close to h = 400 km when the mode
frequency is zero, as presented in Fig. 4 for the same wavelength
λ = 30 m. The damping is huge in all the altitude range and al-
though the mode appears formally possible in the given range and
for such a strong field, in practical terms it will never appear. The
magnetic field in the figure is 0.2 T at 400 km and decreases as
described by Eq. (11).
Similarly, taking the magnetic field five times weaker the
mode becomes evanescent in all the layers up to around h = 1200
km. These all results are completely in agrement with Vranjes &
Kono (2014). For longer wavelengths the situation regarding AW
excitation is much worse because of an increased number of col-
lisions within the wave period as discussed by Vranjes & Kono
(2014) for photosphere. Very similar is wave behavior for the mag-
netized plasma in the present work. This is seen from Fig. 5 for
λ = 300 m where the magnetic field is the same as in Fig. 3, given
by Eq. (11). The mode is strongly damped below 1600 km and it
completely vanishes at around 1580 km. As in the previous two
figures the features of the presented ideal mode kca are completely
different.
Such relatively short wavelengths studied here are of particu-
lar importance because of an efficient coupling of the Alfve´n wave
with the drift wave in an inhomogeneous environment, like in the
magnetic loops in the solar atmosphere as shown by Vranjes &
Poedts (2010b). In that study a strong stochastic heating is obtained
in magnetic loops, and it was shown to be much stronger in regions
with a stronger magnetic field. The energy for the wave growth
and consequent heating is stored in the plasma inhomogeneity (i.e.,
in the gradient of density, temperature, and magnetic field). It is
found that the energy release rate caused by the stochastic heating
can be several orders of magnitude above the value presently ac-
cepted as necessary for a sustainable heating. The vertical stratifica-
tion and the very long wavelengths along the magnetic loops imply
that a drift-Alfve´n wave, propagating as a twisted structure along
the loop, in fact occupies regions with different plasma-beta and,
therefore, may have different electrostatic-electromagnetic proper-
ties, resulting in different heating rates within just one or two wave-
lengths.
4.1.2 Corona
With the presented formulas we may now estimate the role of vis-
cosity in corona even without solving dispersion equation for this
environment. Adopting n0 = 1015 m−3 and T = 106 K and
B0 = 5 · 10−4 T, and assuming absence of neutrals, the only
ion friction is with electrons. The relevant collision frequencies are
νie = 0.038 Hz, and νii = 2.3 Hz.
We use Zhdanov’s expressions for fully ionized plasma given
in Sec. 3.1. According to Eqs. (29, 30) we need ηi2, ηi4 and their
values are ηi2 = 8.4 · 10−12 kg/(sm), ηi4 = 2.9 · 10−7 kg/(sm).
Observe also that ηi0 = 0.0114 kg/(sm) is much larger due to the
fact that the other coefficients are strongly affected by the mag-
netic field, because ions are strongly magnetized bi = 20610 for
the given value of B0 and other parameters. In the friction term
we have ~vi − ~ve which can only be polarization drift speeds be-
cause the other, leading order ~E × ~B-drifts, are equal. The po-
larization drift is mass dependent (Vranjes & Kono 2014), vpj =
(1/ΩjB0)∂E1/∂t, therefore the electron part can be omitted. Us-
ing E1 = ωB1/k this yields vpi = [ω2/(kΩi)](B1/B0) and
Rfi = min0νievpi. Adopting one percent perturbed magnetic
field yields the viscosity/friction ratio Rvi/Rfi > 1 for wave-
lengths λ < λmax = 1.1 km.
Taking the field B0 = 10−4 T yields Rvi/Rfi > 1 for wave-
lengths λ < λmax = 28 km. These data reveal scales above which
keeping viscosity would be redundant.
This issue could be discussed from the electron momentum
equation as well. Due to the reasons explained above we will have
Ffe = Ffi because meνei = meνie. For the electron viscosity we
use the expressions of Zhdanov from Sec. 3.2. For B0 = 5 · 10−4
the coefficients we need are ηe2 = 2.7 · 10−16 kg/(s m), and ηe4 =
−1.6 · 10−10 kg/(s m), and νei = 70.4 Hz. Hence, Rve/Rfe > 1
for λ < 0.6 m. It may be concluded that for the AW the electron
viscosity plays no role in the corona.
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Table 1. The maximal wavelength of the electron plasma wave for which
the electron viscosity dominates combined dissipations caused by friction
with ions and neutrals.
h [km] 400 755 1180 1860 2200
λmax [m] 0.0025 0.06 0.2 0.6 2.3
4.2 Electron plasma waves
4.2.1 Chromosphere
A completely different example is the EP wave, in particular for
perturbations propagating along the magnetic field vector when the
magnetic effects play no important role. For this mode it is appro-
priate to keep electron pressure and viscosity tensor effects, while
on such fast scales the ions and neutrals may be assumed as a
static background. Without analyzing waves in detail (no doubt
it is also strongly damped) we can estimate the relative impor-
tance of dissipative effects, i.e., the electron viscosity in compar-
ison with their friction with the two heavy species. For this purpose
we may now use expressions given in Sec. 2.2, and in particular
the leading order term ηe0. The viscosity term in Eq. (23) yields
the following leading order term 4ηe0k2vex1/3 = Rvevex1 [see
Eq. (28)]. The two friction terms are men0νenvex1 = Rfe1vex1
and men0νeivex1 = Rfe2vex1. The Fig. 5 for electron collision
frequency in Vranjes & Krstic (2013) shows that the role of e-a
and e-i collisions is altitude dependent, and in the same time the
relative importance of these two friction effects changes drasti-
cally. In fact, electron-atom collisions are bay far more dominant
up to the altitude h ' 900 km, and above this layer e-i colli-
sions dominate. Their total contribution we shall express through
Rfe = Rfe1 +Rfe2.
Hence, we make the ratio Rve/Rfe and check its values with
altitude for various wavelengths using Table A1 and the formu-
las given before. In Table 1 we give several altitudes and maximal
wavelengths λm for which the viscosity is more dominant than the
combined friction. For larger wavelengths the electron viscosity is
negligible.
The wave may be damped due to purely kinetic effects as well.
However, in case of a strongly collisional plasma like in the lower
solar atmosphere the particle-wave resonance is inefficient [one ex-
ample of this effect for the acoustic mode has been studied by Ono
& Kulsrud (1975)], and kinetic effects are not expected to play an
important role, but this is not so for higher layers.
4.2.2 Corona
Adopting n0 = 1015 m−3 and T = 106 K, for corona we ob-
tain νei = 70.4 Hz. Using Zhdanov’s expressions for fully ionized
plasma from Sec. 3.2.2 we have ηe0 = 1.46 ·10−4 kg/(sm). The ra-
tio Rve/Rfe now yields that the viscosity is dominant up to wave-
lengths λmax = 340 km, which in practice means always for this
kind of waves with short wavelengths.
In such an environment the collision frequency is reduced and
it may be appropriate to check the kinetic effects, like the Landau
damping. For the wave frequency ω ≈ ωpe = 1.8 · 109 Hz the
normalized Landau damping (without collisions) becomes γnor =
γ/ωpe ≈ −(pi/8)1/2f(y), where y = kλde, λde = vTe/ωpe, and
f(y) = 1/{y3 exp[1/(2y2) + 3/2]}. This expression is valid for
kλde  1 and for ω  kvTe. The shape of the function f(y) is
such that it has a strong extremum localized at around y ≈ 0.6.
The Debye radius λde in the given case is around 10−3 m, and this
maximum damping is at wavelengths of around 0.15 m; for much
different values it is negligible. But the conditions used above to
get this analytical expression for damping are such that we are far
from the extremum and the damping for such wavelengths is com-
pletely negligible. So to calculate actual Landau damping for any
wavelength it would be necessary to solve numerically the disper-
sion equation which contains the integral plasma dispersion func-
tion. However, this all is the matter of the kinetic theory and it is far
beyond the scope of the present work which is aimed only at estab-
lishing the leading dissipative mechanism within the fluid theory.
In the past this fluid theory has been widely used in application to
the coronal plasma, and the two dissipative effects have been used
in a rather arbitrary manner. We have shown that within the same
fluid theory it is only viscosity that matters.
5 SUMMARY AND CONCLUSIONS
In this work complete and self-consistent viscosity coefficients are
presented for partially and fully ionized plasma and applied to the
lower solar atmosphere and corona in analysis of Alfve´n and Lang-
muir waves as most different modes regarding spatial and temporal
scales. It is shown that in photosphere and chromosphere viscosity
has no practical importance for the Alfve´n wave which is however
heavily affected by friction. The results presented in Sec. 4 are in
general agreement with our previous results Vranjes et al. (2007,
2008); Vranjes & Kono (2014). In the upper chromosphere Alfve´n
waves may propagate although typically as very damped modes. So
some efficient drivers are instabilities are required to have these and
other waves present there in order to take part in the heating which
still remains a puzzle (Vranjes & Poedts 2009a,b, 2010a; Vranjes
2011a,b; Pandey & Wardle 2012, 2013). In the corona the Alfve´n
wave is affected by viscosity for wavelengths roughly below the
limit of around 30 km.
For the Langmuir wave the interplay between viscosity and
friction in photosphere and chromosphere is summarized in Ta-
ble 1. In the corona the viscosity is practically always dominant.
The result presented for partially ionized plasma are based on
the most accurate cross sections which include several essential ef-
fects simultaneously, i.e., quantum mechanical indistinguishability
at low energies, charge exchange and atom polarization in the field
of an external charge. All relevant cross sections are presented in
Table A1. It shows that in spite of the temperature change in the
range of about 4400 K to 13500 K in most situations one can use
some mean values for the cross sections whose values are suggested
in the text.
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APPENDIX A: COLLISION CROSS SECTIONS WITH
ALTITUDE (TEMPERATURE)
Cross sections given in Table A1 are obtained by using data from
Glassgold et al. (2005); Schultz et al. (2008) with recalculated en-
ergies (temperatures) from center of mass frame, as given in these
references, to lab frame (Vranjes & Krstic 2013). The visible nearly
periodic variations are a common feature at so low energies. Due to
this, the effects of the temperature minimum at h = 525 km are not
pronounced at all, see also the graphs in Vranjes & Krstic (2013).
The calculations presented in Glassgold et al. (2005) and in Schultz
et al. (2008) are based on quantum-mechanical principle of indis-
tinguishability which must be taken into account at energies below
1 eV. This effect is included in all pa cross sections. In the same
time, charge exchange effect is included in σpa,sc, σpa,mt, σpa,v
(Vranjes & Krstic 2013).
For atom-atom collisions both direct and recoil scattering is
accounted for, as a direct consequence of the indistinguishability of
particles (Vranjes & Krstic 2013). As a result, the presented values
for aa collisions are twice as high as the classic values obtained
from the model of distinguishable particles.
For so narrow temperature (altitude) range, the normally
present monotonously decreasing profile for cross sections is only
seen for σaa,v but it is very weak, from 0.288 at temperature min-
imum to 0.223 at h = 2200 km; all others show only the usual
low-energy variations.
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Table A1. Proton-hydrogen pa and hydrogen-hydrogen aa cross sections for scattering sc, momentum transfer mt, and viscosity v in terms of altitude (i.e.,
of temperature) in photosphere and chromosphere, all in units 10−18 m2.
h [km] T [K] σpa,sc σpa,mt σpa,v σaa,sc,mt σaa,v
0 6520 1.864 1.105 0.376 1.173 0.271
50 5790 2.102 1.109 0.357 1.138 0.273
100 5410 2.028 0.957 0.401 1.094 0.276
150 5150 2.173 0.973 0.400 1.068 0.279
200 4990 2.269 1.040 0.395 1.055 0.281
250 4880 2.307 1.080 0.392 1.048 0.282
300 4770 2.338 1.143 0.382 1.043 0.283
350 4660 2.201 1.047 0.388 1.041 0.290
400 4560 2.115 0.956 0.411 1.040 0.286
450 4460 2.125 0.997 0.425 1.042 0.287
490 4410 2.145 0.996 0.428 1.044 0.288
525 4400 2.159 1.031 0.426 1.045 0.288
560 4430 2.145 0.998 0.411 1.044 0.287
600 4550 2.115 0.956 0.412 1.041 0.286
650 4750 2.338 1.143 0.382 1.043 0.283
705 5030 2.269 1.040 0.395 1.058 0.280
755 5280 2.121 0.955 0.402 1.080 0.277
805 5490 2.008 0.998 0.392 1.103 0.275
855 5650 2.092 1.144 0.367 1.122 0.274
905 5755 2.102 1.154 0.357 1.134 0.273
980 5900 2.004 1.060 0.368 1.145 0.272
1065 6040 1.948 1.025 0.373 1.151 0.272
1180 6230 1.864 1.006 0.379 1.157 0.271
1278 6390 1.841 1.054 0.381 1.160 0.270
1378 6560 1.924 1.173 0.365 1.161 0.269
1475 6720 2.000 1.210 0.351 1.161 0.269
1580 6900 2.027 1.139 0.342 1.160 0.269
1670 7050 1.938 1.045 0.351 1.157 0.268
1775 7250 1.906 1.035 0.356 1.152 0.268
1860 7450 1.886 1.086 0.362 1.142 0.267
1915 7650 1.924 1.155 0.357 1.128 0.266
1980 8050 1.928 1.041 0.328 1.096 0.263
2017 8400 1.723 0.975 0.335 1.064 0.261
2043 8700 1.722 1.038 0.345 1.037 0.258
2062 8950 1.773 1.052 0.344 1.015 0.256
2075 9200 1.821 0.966 0.322 0.944 0.254
2087 9450 1.778 0.894 0.309 0.988 0.252
2110 9900 1.732 0.971 0.321 0.988 0.248
2140 10550 1.923 0.956 0.326 0.999 0.243
2168 11150 1.834 1.035 0.298 1.018 0.238
2190 12000 1.820 1.014 0.311 1.039 0.232
2199 13000 1.711 0.976 0.301 1.042 0.226
2200 13500 1.634 1.004 0.290 1.041 0.223
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